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Abstract
Let A and B be n-by-n Hermitian matrices. Then
Tr eA eB  S(α)Tr eA+B
where α is the condition number of eA and S(t) is the Specht ratio of the reverse arithmetic–geometric mean
inequality. It is a sharp reverse result to the Golden–Thompson inequality. This can be extended to each
eigenvalue. Equivalently there exists a unitary V such that
eA/2eBeA/2  S(α)V eA+BV ∗.
We also show that there exists a unitary W such that
WeA+BW∗  S(α)eA/2eBeA/2.
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1. Golden–Thompson and Specht inequalities
Capital letters A, B and Z will stand for complex square matrices of same size. Given two
Hermitians A and B, the Golden–Thompson trace inequality is
Tr eA+B  Tr eAeB,
see [2]. Segal’s inequality [11] is
‖eA+B‖∞  ‖eA/2eBeA/2‖∞,
where ‖ · ‖∞ stands for the operator norm. This can be extended to all symmetric (or unitarily
invariant) norms ‖ · ‖, i.e. ‖UZV ‖ = ‖Z‖ for all Z and all unitaries U , V . Thus, in case of
the trace norm, it coincides with the Golden–Thompson trace inequality. We will state a reverse
inequality to these inequalities.
In [12], Specht obtained an inequality for the arithmetic and geometric means of positive
numbers: Let x1  · · ·  xn > 0 and set r = x1/xn. Then
x1 + · · · + xn
n
 S(r)(x1 · · · xn)1/n,
where
S(r) = (r − 1)r
1/(r−1)
e log r
is called the Specht ratio at r (with S(1) = 1). Specht’s inequality is a ratio type reverse inequality
of the classical arithmetic–geometric mean inequality. A simple proof is given in [4, Lemma].
Using this nice ratio we can state our result:
Theorem 1. Let A and B be Hermitian and let α be the condition number of eA. Then, there
exists a unitary V such that the following sharp inequality holds:
eA/2eBeA/2  S(α)V eA+BV ∗.
Here, for Z > 0 (positive definite) with largest eigenvalue a and smallest one b, the condition
number of Z is a/b. Theorem 1 can be restated as eigenvalue inequalities between eA/2eBeA/2
and eA+B . Hence
Tr eAeB  S(α)Tr eA+B.
A special case of Theorem 1 is
Corollary 1. Let A and B be Hermitian. If the spectrum of A lies in an interval [a, a + 1], then,
there exists a unitary V such that
eA/2eBeA/2  e − 1
e(e−2)/(e−1)
V eA+BV ∗.
Here, the constant is S(e) = 1.1312 . . .
2. Proof of Theorem 1
First we recall the definition of a (generalized) Kantorovich constant. Lethbe a vector,‖h‖ = 1,
and let Z > 0. Jensen’s inequality for t −→ tp
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〈h,Zh〉p  〈h,Zph〉, (1)
admits a reverse inequality. Fan [10] (see also [7]) introduced the following constant, for a, b > 0
and integers p > 1:
K(a, b, p) = a
pb − abp
(p − 1)(a − b)
(
p − 1
p
ap − bp
apb − abp
)p
and Furuta [7] showed the reverse of (1): If Z > 0 have largest eigenvalue a and smallest one b,
then for all p > 1
〈h,Zph〉  K(a, b, p)〈h,Zh〉p. (2)
The Kantorovich constants K(a, b, p) only depend on the condition number z = a/b and can be
written as
K(z, p) = z
p − z
(p − 1)(z − 1)
(
p − 1
p
zp − 1
zp − z
)p
.
Such a constant can be defined for all for p ∈ R, see [8]. These constants occur [5,6] in reverse
inequalities playing a key role in the proof of Theorem 1 below. Inequality (2) is contained in the
Mond–Pecaric inequality [9, Theorem 2.61] (by letting r = 1)
〈h,Zph〉1/p  (z, r, p)〈h,Zrh〉1/r (3)
for every unit vector h and p > r , where
(z, r, p) =
(
r
zr − 1
)1/p (
zp − 1
p
)1/r (
zp − zr
p − r
)1/p−1/r
for r, p /= 0 and
(z, r, p) =
{
S(αp)
1
p if r = 0,
S(αr)− 1r if p = 0.
In particular, if p = 1 and r ↓ 0 in (3), then we also get the Specht inequality:
〈h,Zh〉  S(α) exp〈h, log Zh〉
for every unit vector h.
We need the following result [3, Theorem 2], which is a reverse inequality of Araki’s inequality
[1]:
Lemma 1. Let A be positive semidefinite, let Z be positive definite with condition number z and
let p > 1. Then, there exist some unitaries U and V such that
1
K(z, p)
U(AZA)pU∗  ApZpAp  K(z, p)V (AZA)pV ∗.
The constant K(z, p) and its inverse are optimal.
Proof of Theorem 1. Note that eA/2eBeA/2 is unitarily equivalent to eB/2eAeB/2 and
eB/2eAeB/2 = (eB/2p)p(eA/p)p(eB/2p)p
for all p > 1. By Lemma 1, it follows that
eB/2eAeB/2  K(α1/p, p)Vp(eB/2peA/peB/2p)pV ∗p (4)
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for some unitaries Vp (p > 1). Now, using the Yamazaki–Yanagida formula [13]
lim
p→∞ K(α
1/p, p) = S(α)
and the Lie–Trotter formula
lim
p→∞(e
B/2peA/peB/2p)p = eA+B,
we infer from (4)
eB/2eAeB/2  S(α)V eA+BV ∗
for some unitary V .
The constant in (4) can not be replaced by anything smaller when B runs over all Hermitians.
The same is true for the corresponding operator norm or trace norm inequalities [3]. Hence the
theorem and its obvious corollaries for symmetric norms are sharp. 
A Golden–Thompson–Segal type inequality for symmetric norms is: LetAandB be Hermitian.
Then, for all symmetric norms
‖(eB/2peA/peB/2p)p‖
decreases to ‖eA+B‖ as p → ∞. The following reverse statement holds: Let α be the condition
number of eA. Then, for p > q > 1
‖(eB/2qeA/qeB/2q)q‖  Kq(α1/p, p/q)‖(eB/2peA/peB/2p)p‖.
In particular
‖eB/2eAeB/2‖  S(α)‖eA+B‖.
This follows from:
Proposition 2. Let A be positive definite and let Z be positive definite with condition number z.
Then, given p > q > 1, there exists a unitary V such that
(A1/qZ1/qA1/q)q  Kq(α1/p, p/q)V (A1/pZ1/pA1/p)pV ∗.
Proof. In Lemma 1, replace A and Z by A1/p and Z1/p, respectively, and replace p by p/q.
Then, take the q-powers. 
3. Segal inequality for eigenvalues
This brief section complements Theorem 1. Segal’s inequality can be written in terms of largest
eigenvalues λ1(X) as
λ1(e
A+B)  λ1(eA/2eBeA/2).
What about the others eigenvalues λk(X)? The first inequality of Lemma 1 yields
(eB/2peA/peB/2p)p  K(α1/p, p)VpeB/2eAeB/2V ∗p
for some unitaries Vp (p > 1). Hence, arguing as above, we obtain
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Theorem 2. Let A and B be Hermitian and let α be the condition number of eA. Then, there
exists a unitary V such that the following sharp inequality holds:
eA+B  S(α)V eA/2eBeA/2V ∗.
Combining Theorems 1 and 2, we have the following relation for eigenvalues: for all k = 1, . . . , n:
S−1(α)λk(eA+B)  λk(eAeB)  S(α)λk(eA+B).
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